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Abstract: We propose and demonstrate metamaterial immersion lenses by
shaping plasmonic metamaterials. The convex and concave shapes for the
elliptically and hyperbolically dispersive metamaterials are designed using
phase compensation method. Numerical simulations verify that the
metamaterial immersion lenses possess exceptionally large effective
numerical apertures thus can achieve deep subwavelength resolution
focusing. We also discuss the importance of the losses in modulating the
optical transfer function and thus in enhancing the performance of the
metamaterial immersion lenses.
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1. Introduction
The transverse spatial resolution of conventional optical lenses is limited by the diffraction
nature of the light to λ/(2NA), with λ being the wavelength of light and NA being the
numerical aperture of the lens [1]. Although various remarkable methods [2], including
superlens [3–5], hyperlens [6–9], plasmonic dimple lens [10], super oscillation [11], aperiodic
metallic waveguide array [12], etc. have been proposed to achieve resolution beyond the
diffraction limit, the immersion technique is still widely used in oil immersion microscopy,
solid immersion microscopy [13], near-field scanning solid immersion microscopy [14],
photolithography [15,16], near-field optical data storage [17], heat/thermally assisted
magnetic recording [18], etc. for resolution improvement due to its simplicity. Because the
NA of an immersion lens is increased by a factor of the refractive index n, the corresponding
resolution also improves n times. Many efforts have been taken to increase the NA by
introducing various high index materials. Wu et al. reported an NA of 2.0 using a Gallium
Phosphide solid immersion lens (SIL) in the visible band [19]. Using the NA increasing lens
(NAIL) technique, an NA as high as 3.3 was achieved with Silicon in the infrared band by
Ippolito et al [20]. However, the resolution improvement by immersion techniques remains
modest due to the lack of high-index transparent materials. Metamaterials [21–23], which are
artificially engineered composites of nanoscale metallic/dielectric structures, have
demonstrated their ability to achieve extraordinary phenomena and devices, due to their
exceptional electromagnetic properties that are not achievable in natural materials. In this
article, we propose for the first time a new type of immersion lens based on metamaterials,
i.e., metamaterial immersion lens (MIL). The MILs can achieve super resolution and can be
easily integrated with conventional optical systems.
2. Theory
It is commonly known that only the light from a point source within a small cone inside a
high-index flat slab can transmit to air. The light outside that light cone will be totally
reflected. For this reason, the shape of an SIL is not a flat but a curved high-index slab, such
as a hemisphere or a supersphere [24]. Therefore, all the high k-vector waves supported by the
SIL can be coupled into the lens from free space. Moreover, the phases of the incident waves
are well compensated by the appropriate shape of the SIL, leading to constructive and high
resolution focusing. A metamaterial slab may be easily designed to cover high k-vectors, so
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the small light cone phenomenon maintains similarly as in the high-index isotropic slab
discussed above. In analogy to an isotropic high-index SIL, we shape the interface of a
metamaterial to achieve the bidirectional coupling between the metamaterial and air with well
designed phase compensation. By replacing the isotropic transparent dielectrics with
metamaterial, the MIL possesses unprecedented resolving power when compared with
conventional SIL.
The idea may be illustrated with a two-dimensional (2D) highly anisotropic metamaterial,
which may have either elliptic (εx′ > 0, εz′ > 0) or hyperbolic (εx′ > 0, εz′ < 0) dispersion. Here
εx′ and εz′ are the real part of the permittivity of the metamaterial in the x and z directions,
respectively. The wavefront of a line light source inside such a metamaterial slab may be
either convex for elliptic dispersion or concave for hyperbolic dispersion. Accordingly, a
metamaterial may be shaped to have either a convex surface for elliptic dispersion or a
concave surface for hyperbolic dispersion to achieve the coupling and phase compensation,
due to the similarity between the interface shape and the dispersion curve of the metamaterial.
Figure 1 shows the dispersion curves (Equifrenquency curves, EFCs) of air and the
metamaterials. Let us assume that the principle axes of the metamaterials are always along the
horizontal (kx) and vertical (kz) directions. When the interface of the metamaterial is along the
kx axis, only the incident light within a small light cone with the transverse k-vectors less than
k0 can transmit into and out of the metamaterial, as shown in Fig. 1(a). Figures 1(b) and 1(c)
show that the transverse k-vector coverage can be enlarged from k0 to k1 when the interface of
the metamaterial (kxt axis) has an angle with respect to the material principle axes. Each point
on the curved interface of the metamaterial may be considered having an interface not in the x
axis direction, thus the transverse k-vector coverage can be extended by a curved interface. As
shown in Figs. 1(b) and 1(c), the extended wavevector coverage k1 can be much larger than k0
and even the highest achievable k-vectors in natural SIL materials, so super resolution can be
achieved. In the following, we demonstrate the MIL concept with both elliptic (referred to as
an elliptic MIL) and hyperbolic (referred to as a hyperbolic MIL) dispersions based on phase
compensation for focusing in the metamaterials and numerically verify the analysis and
designs.

Fig. 1. Equifrequency curves (EFCs) of air (dotted blue circle) and the metamaterials with an
elliptic (solid red ellipse) and a hyperbolic (dashed red hyperbola) dispersion, respectively. (a)
The interface of the metamaterials is a straight line along the kx direction; (b) The interface of
the metamaterial with an elliptic dispersion has an angle α1 with respect to the kx axis; (c) The
interface of the metamaterial with an hyperbolic dispersion has an angle α2 with respect to the
kx axis. That is, the kxt axis is the interface in both (b) and (c).

3. Formulations and simulations
Figure 2(a) shows the schematic of an elliptic MIL. Assuming designing an elliptic MIL with
a focal length of fm and x ∈ [− xmax , xmax ] . When a plane wave is incident on the MIL from the
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top, then refracted by the interface curve and focused to Fm. Phase condition for constructive
interference at Fm results in the following quadratic equation
2
k0 (h0 n + ε x' f m2 + ε z' xmax
) = k0 [(h0 − h)n + ε x' ( f m + h) 2 + ε z' x 2 ]

(1)

h( x) = (−b + b 2 − 4ac ) / (2a)

(2)

Therefore,

2
2
where a = ε x' − n 2 , b = 2 f mε x' − 2n ε x' f m2 + ε z' xmax
, c = ε z' ( x 2 − xmax
) and k0 being the

wavevector in free space. Note that the other solution of Eq. (1) makes the position of Fm
outside the metamaterial, and thus not suitable for MIL purpose. With Eq. (2), the interface
shape of the elliptic MIL can be calculated. Equations (1) and (2) are derived for an elliptic
MIL. Changing εz′ to be negative results in the formulas for the hyperbolic MIL, with
xmax < f m tan β and tan β = −ε x' / ε z' . The sign change of εz′ for the hyperbolic MIL case
can be easily verified using the schematic of the hyperbolic MIL in Fig. 2(b). If measured
from the apex of the curved interfaces, then the focal lengths are f = (fm + h0), with h0 is
positive for the elliptic MIL and negative for the hyperbolic MIL.

Fig. 2. Schematics of (a) an elliptic and (b) a hyperbolic metamaterial immersion lens.

Simulations have been carried out to verify the analysis above for both cases at the
wavelength of 633 nm. Figure 3(a) shows the simulated power profile of an elliptic MIL with
a normal incidence of plane wave. The permittivity of the elliptic metamaterial is εx = 5.1 +
0.1i and εz = 16.0 + 0.08i, which is designed using an alternate multilayer [25] of silver and
Gallium Phosphide [19] with a volume filing factor of silver to the metamaterial of p = 0.2.
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Fig. 3. Simulations of an elliptic MIL with (a) normal and (b) oblique incidence of plane wave.

The multiple layers of the metamaterial lay in the x direction in the MIL. The focal length of
the elliptic MIL is fm = 3 um and xmax = 3.4 um, and the calculated h0 = 6.7 um. This elliptic
MIL achieved a focus with an FWHM (full width at half maximum) of 70 nm (~λ/9) for the
normal plane wave incidence, which is equivalent to an effective NA of 4.5.
When the incident light is tilted, the focus will be shifted accordingly. The shift may be
estimated by using [26]
∆x = Re( f ε x / ε z / ε z − sin 2 θ sin θ )

(3)

where θ is the incident angle with respect to the z axis and Re denotes the real part. In
practical designing, | ε z' |>> sin 2 θ , so Eq. (3) can be reduced to
∆x ≈ Re( f ε x / ε z sin θ )

(4)

The simulation in Fig. 3(b) shows a shift of ∆x = 310 nm for θ = 14 degrees, which is
comparable to the calculated shift ∆x = 331 nm.
The elliptic MIL above has shown its unprecedented high resolution performance over
conventional homogeneous SILs, due to its high optical anisotropy. The hyperbolic MIL may
behaves differently due to the negative εz′. Figure 4(a) shows the simulated power profile of a
hyperbolic MIL with a normal incidence of plane wave. The permittivity of the elliptic
metamaterial is εx = 8.1 + 0.1i and εz = −12.5 + 0.3i, which is designed using silver nanowires
[27] in air background with a silver volume filing factor of p = 0.7. The silver nanowires of
the metamaterial are aligned in the z direction. The focal length of the elliptic MIL is fm = 2
um and xmax = 1.29 um, and the calculated h0 = −1.23 um. This hyperbolic MIL achieved a
focus with an FWHM of 66 nm (~λ/9.6) for the normal plane wave incidence, which is
equivalent to an effective NA of 4.8. As in the elliptic MIL, when the incident light is tilted,
the focus will be shifted. The simulation in Fig. 4(b) shows a shift of ∆x = −120 nm for θ =
37.8 degrees to the opposite side to the elliptic MIL. This shift is also comparable to the
calculated shift ∆x = −108 nm using Eq. (3).
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Fig. 4. Simulations of a hyperbolic MIL with (a) normal and (b) oblique incidence of plane
wave.

4. Discussions and conclusions

As is demonstrated above, the elliptic and hyperbolic MILs can achieve super resolution with
convex and concave interfaces, respectively. It is worth emphasizing that the hyperbolic MIL
achieves focusing by a concave interface, which is exceptional and not achievable in
conventional optics. With the designed curved interfaces, waves with high transverse kvectors can be coupled into the metamaterial with compensated phase and thus can be focused
into deep subwavelength scale. Notice that the concave interface of the hyperbolic MIL in
Fig. 4 is flatter than that of the elliptic MIL in Fig. 3. This is due to the higher anisotropy, i.e.,
| ε z' | /ε x' , of the elliptic MIL than the hyperbolic MIL. While both types of MIL can achieve
super resolution, the hyperbolic MIL shows anomalous imaging behavior. The opposite
displacement of the focus with respect to the incident light is drastically different from the
case that as normally been observed in conventional optical lenses. The new phenomenon
originates from the negative refraction experienced at the metamaterial/air interface [28] that
may open up new possibilities to design lens system with extraordinary functionalities and
performances.
There are two major factors affecting the achievable resolution of the MILs: (i) the
intrinsic material properties of the metamaterial. i.e. the k-vector coverage determined by the
dispersion relation k z2 / ε x + k x2 / ε z = k02 of the metamaterials, and (ii) the losses, including
propagation and coupling losses, which may strongly modulate the optical transfer function
(OTF) of the MILs. The dispersion relation imposes a theoretical cutoff on the coverage of kx,
which limits kx up to Re( ε z k0 ) , for an elliptically dispersive metamaterial. On the other
hand, the kx has no limit in the dispersion relation of a hyperbolically dispersive metamaterial.
The losses also play an important role in the performance of the MILs. Different k-vectors
may have different loss coefficients and propagation lengths in an MIL, thus the k-vectors
attenuate differently. Furthermore, the curved shapes of the MILs cause different refraction
(coupling) efficiencies at different positions due to the different angles of incidence. The kvector spectrum at the focus of an MIL may be significantly modulated by both the
propagation and coupling losses and thus substantially different from that of a conventional
SIL. The presented elliptic MIL achieved an effective NA of 4.5, which is even a little larger
than Re( ε z ) , i.e., 4.0. As shown in Fig. 3, the low transverse k-vectors in the center part
propagate longer distances to the focus than the high k-vectors on the edge parts, so the low kvectors attenuates more than the high k-vectors. Although the coupling efficiencies of at the
center part in Fig. 3 are higher than on the edge parts for normal incidence, the coupling loss
profile that makes the OTF is overwhelmed by the propagation losses. Therefore, the overall
OTF of the elliptical MIL indicates more transmission for higher k-vector waves to the focus,
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i.e., more high k-vector contributions to the focus than in the case of a conventional lens,
finally resulting in a higher resolution focus and a higher effective NA. In principle, kx’s of a
hyperbolic MIL can be infinitely large as there is no cutoff in its dispersion relation, so
extremely large effective NA’s may be obtained. However, in practice, the chosen xmax limits
the coverage of kx. In the presented hyperbolic MIL above, the maximum kx is 4.72k0. The
loss mechanisms affect the performance of the hyperbolic MIL similarly as in the elliptic
MIL, resulting in a higher NA of 4.8.
The metamaterials properties used in the examples above are real values based on the
effective media estimation in 2D metal/dielectric multilayer composites [25] and metallic
nanowires [27] in dielectric template at the visible wavelength of 633 nm. Because the metals
are highly dispersive, non-monochromatic illumination may reduce the focusing performance
of the MILs. Nonetheless, an MIL for a particular band of frequencies can always be
optimized by taking the material dispersion into account. The elliptic and hyperbolic MIL
concepts can be easily extended to three-dimensional (3D) devices and other frequency bands,
such as ultraviolet, infrared, terahertz, or microwave. The same principle can also be applied
to acoustics due to the nature of waves. The presented MILs have achieved super resolution
and NAs. The ultimate limitation of MILs is not limited by these examples and can be
designed to achieve much higher NAs. A practical usage of the MIL is to make its bottom
plane the focal plane so that the resulting near field can be used [12]. As a result, the MIL can
find extraordinary applications in lithography, imaging, scanning near-field microscope,
sensing, optical storage and heat assisted magnetic recording, etc. As the MILs are typically in
microscale, MILs can also be integrated with a flying head for high speed processing as in the
flying plasmonic lens [29], and even an array of MILs can be designed for parallel processing
[30,31].
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