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Anomalous Nonlinear Optical Selection Rules in Metallic 
Quantum Wells

Shilong Li, Haoliang Qian, and Zhaowei Liu*

Intersubband transitions (ISBTs) in conduction-band quantum wells (QWs) 
have attracted tremendous attention for their high technological potential, 
ranging from quantum cascade lasers, quantum well infrared photodetec-
tors, to various nonlinear optical elements. One of the main characteristics 
of using the ISBTs is their polarization selection rule, which forbids a normal-
incidence geometry. Here, it is shown that the ISBT selection rule is not strict 
on optical nonlinearities in metallic QWs (MQWs). The nonlinear process  
of second harmonic generation nearly follows the selection rule, while  
the optical Kerr nonlinear process severely deviates from it. The anomalous 
optical selection rules result from the non-negligible ultrafast electron–elec-
tron scattering in these plasmonic systems, and a coupled mode theory is 
provided to get a physical grasp of the problem. The flexible selection rule in 
MQWs could bring drastic improvements in efficiency and diversity of  
ISBT-based devices.
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In a different context, however, less 
attention has been paid to the ISBT selec-
tion rules in metallic QWs (MQWs). 
In these plasmonic systems, due to 
the plasma screening effect,[9] it is the 
screened field, not the incident field, 
to which the electrons respond.[10] As a 
result, the dielectric function of MQWs is 
assumed to be scalar,[10–15] meaning that 
there are no polarization selection rules 
applicable to their linear optical properties. 
It was not until very recently, however, that 
the optical nonlinearities of MQWs have 
been experimentally explored, enabled by 
the success in fabrication of ultrathin con-
tinuous metallic films on top of a dielectric 
substrate.[13,16,17] Surprisingly, ISBT peaks, 
the signature of the quantum size effect in 
QWs, have been observed in the nonlinear 
coefficient spectra of these MQWs[16,17]; the 

manifestation of the ISBTs is an extraordinary enhancement of 
these optical nonlinearities which are several orders of magni-
tude larger than those of traditional nonlinear materials at vis-
ible/near-infrared (NIR) frequencies. However, no systematic 
study of the ISBT selection rules for optical nonlinearities in 
MQWs has been made. The lack of such a study, on one hand, 
hinders the extensive applications of the ISBT-enabled extreme 
optical nonlinearities in the technologically more important vis-
ible/NIR spectrum range, and on the other hand, restricts the 
development of the theory of ISBTs in plasmonic systems.

In this work, we report a systematic study of ISBT selection 
rules imposed on the 2nd and 3rd order optical nonlinearities of 
MQWs. The MQWs were made of refractory materials, that is, 
TiN and Al2O3, which could be fabricated in ultrathin films with 
atomically flat interfaces over a large area,[18,19] as shown in the 
right inset of Figure 1. Such a high-quality MQW heterostruc-
ture is crucial in revealing the quantum size effect of ISBTs, 
while its refractory property makes possible the ultrahigh-inten-
sity nonlinear optical measurements and applications.

2. Results and Discussion

2.1. ISBTs in SQWs and MQWs

First, we briefly discuss the fundamental differences between 
SQWs and MQWs with respect to their intrinsic plasma fre-
quencies and typical working frequencies for nonlinear optics 
(Figure  1). For ISBT in SQWs, the working frequencies are 
generally much higher than the plasma frequencies (Figure 1), 

1. Introduction

The continuous translational symmetry of semiconductor 
quantum well (SQW) heterostructures in their growth plane 
gives rise to a polarization selection rule for their conduction-
band intersubband transitions (ISBTs)—only the electric field 
component along the quantum-well (QW) growth direction 
can interact with the ISBT. The presence of this selection rule 
largely degrades the performance of ISBT-based optoelectronic 
devices.[1–7] Much effort has thus been directed toward relaxing 
the selection rule by breaking the continuous translational sym-
metry of QWs.[7] Nevertheless, the polarization selection rule 
imposed on these conduction-band ISBTs is well followed in 
most common SQWs.[8]
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so that the plasma screening effect is negligible. Since the 
dipole matrix element μz of ISBTs is a few orders of magnitude 
larger than that of the intrasubband transition μ∥ (Section S1,  
Supporting Information), the optical response of SQWs is 

dominated by their ISBTs. Therefore, the polarization selection 
rule of ISBTs is imposed on the optical properties of SQWs. 
By contrast, the working frequencies of MQWs are usually in 
the visible/NIR spectral range, and are thus below the plasma 
frequencies (Figure 1). As a result, the plasma screening effect 
would mitigate the differences between μz and μ∥, altering the 
polarization selection rule, as demonstrated in what follows.

2.2. ISBT Selection Rule on Second Harmonic Generation

Now, we begin with the ISBT selection rule for the 2nd order 
nonlinear effect, that is, the second harmonic generation 
(SHG), from MQWs (Figure  2). The MQW sample consists 
of coupled TiN wells (1.0 and 2.2  nm) separated by an Al2O3 
barrier (0.5 nm), such that a double ISBT at the wavelength of 
920 nm is produced.[17] Figure 2a shows the SHG measurement 
apparatus. We have shown[17] a peak centered at the double tran-
sition wavelength in the measured 2nd order susceptibility χ(2) 
spectrum from this MQW sample, revealing the origin of ISBT 
enhancement. The χ(2) achieved is as high as ≈1500 pm V−1, so 
that the contribution from intrasubband transitions (≈1 pm V−1) 
can be ignored. A restrictive selection rule would be expected 
in SHG if there is no coupling between the intrasubband tran-
sition and the ISBT: SHG intensity ISHG from ISBTs is pro-
portional to the square of the electric field intensity along the 
growth direction, that is, I IzSHG

2∝ , where Iz∝E2sin2(ϕ), E is the 
incident electric field, and ϕ is the polarization angle, so that 
ISHG∝sin4(ϕ). Such a quartic dependence of SHG with respect 
to sin(ϕ) in this MQW sample under 0.48 GW cm−2 peak inten-
sity illumination was observed.[17]

The obedience of SHG to the ISBT selection rule in the 
MQW seems to indicate that the plasma screening effect does 
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Figure 1. Comparison between SQWs and MQWs. The diagram shows 
the relative position between the typical working (circular shadows) and 
intrinsic plasma (solid lines) frequencies. The optical responses in the 
light-yellow shadowed region would be affected by the plasma screening 
effect. The GaAs-based SQWs and TiN-based MQWs are used for this 
comparison. Left inset: schematic of band diagram and the corre-
sponding dispersion of subbands. The red arrows indicate the ISBT and 
the intrasubband transition, and the corresponding electric dipoles μz 
and μ∥ are depicted in the right inset. Right inset: transmission electron 
microscopy (TEM) cross-section of a single layer of TiN MQW. The layer 
on top of the MQW is a protective layer used only for TEM cross-section 
preparation during the focused ion beam cutting process.

Figure 2. Selection rule for SHG in MQWs. a) Diagram of the SHG measurement setup. The polarization angle ϕ of the pumping light is varied by 
a half-wave plate. The incident angle θ is fixed at 45°. The reflected wave is collected by the same lens used for the incident wave, and then passed 
through a short-pass filter, such that only SHG signals are recorded. b) Polarization dependence of SHG emissions and c) the corresponding eff

(2)χ . Nz 
is the SHG count at ϕ = 90°. d) Charge coupled device images at the back-aperture plane showing the coherence of the SHG signal from p-polarized 
(ϕ = 90°) and e) nearly s-polarized (ϕ = 5°) pumping light. 920 nm pulses (100 fs pulse width, 80 MHz repetition rate, 5 µm spot) with a peak intensity 
of 4.8 GW cm−2 were used. The white circle indicates the maximum collection angle of the lens. It is worth noting that the background signal throughout 
the entire back-aperture plane is mainly the result of fluorescence emissions due to two-photon absorption.
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not play any role in the SHG nonlinear process. To double-
check this rather unusual experimental observation, the SHG 
selection rule was examined under a relatively high-intensity 
illumination, that is, 4.8 GW cm−2 peak intensity—one order of 
magnitude higher than the previous value. Figure  2d,e shows 
the back-aperture images, respectively, for the p-polarized 
(ϕ = 90°) and nearly s-polarized (ϕ = 5°) SHGs, at a fixed inci-
dent angle of θ  = 45°. It was observed that the nearly s-polar-
ized SHG signals were localized at the collection angle in the 
back-aperture plane, the same as that of the p-polarized SHG 
but with a much smaller amplitude; this is the signature of 
a coherent (instantaneous) SHG[17] (Section S2, Supporting 
Information). The total instantaneous SHG emissions (ISHG) 
within the collection angle were obtained at various polariza-
tion states, and the results are summarized in Figure 2b. The 
quartic dependence of ISHG on sin(ϕ) sets an experimental dif-
ficulty for directly measuring the instantaneous SHG emission 
when the polarization angle ϕ approaches 0°—that is a pure 
s-polarization; instead, the extrapolation method was applied 
to obtain the pure s-polarization SHG emission. As shown in 
Figure 2b, the SHG closely follows the ISBT selection rule even 
under this relatively high-intensity illumination. A slight devia-
tion from the selection rule becomes discernable by evaluating 
the effective eff

(2)χ  that has a quadratic dependence on sin(ϕ), 
that is, I Iz z/ sin ( )eff

(2)
SHG

(2)
z
(2) 2χ χ χ ϕ= = , where Iz and z

(2)χ  are, 
respectively, the SHG intensity and the corresponding eff

(2)χ , at 
ϕ = 90°. The eff

(2)χ  is shown in Figure 2c and a clearer but still 
minute deviation from the ISBT selection rule was observed in 
SHG in MQWs.

2.3. Time Evolution of ISBTs in MQWs

We attribute the slight relaxation of the ISBT selection rule for 
SHG in MQWs to the coupling-induced ISBT from intrasu-
bband transitions (Figure  3). The incident E∥ component of 
the pumping light drives the intrasubband transition of elec-
trons (Figure  3a), but the resultant instantaneous nonlinearity, 
such as the SHG investigated here, is too weak to be observed 
in the experiments. Nevertheless, the ultrafast electron–elec-
tron scattering due to the plasma screening effect in MQWs 
has to be taken into account, for it enables conversion of E∥ to 
Ez (Figure 3a). So long as this conversion has the possibility to 
occur within a few tenths of an optical cycle (Figure  3b), that 
is, no longer than a few 100 as,[20] SHG due to ISBTs from the 
converted Ez could be observable. We believe that the deviation 
of the ISBT selection rule demonstrated in Figure 2 is the result 
of this electron–electron scattering-induced E∥ → Ez conversion. 
For the instantaneous SHG process, only the initial small por-
tion of time duration is relevant; thus, the degree of the devia-
tion is limited. On the other hand, we expect to observe a severe 
selection-rule break on non-instantaneous nonlinearities, such as 
the optical Kerr nonlinearity (Figure 3b), as demonstrated below.

2.4. ISBT Selection Rule on Optical Kerr Nonlinearity

The ISBT selection rule for optical Kerr nonlinearity from an 
MQW was also examined and the results are summarized in 

Figure  4. Z-scan measurements[21] were implemented on a 
single layer of 2 nm TiN MQW (Figure  4a). The insets i and 
ii of Figure 4a show, respectively, the open and closed aperture 
signals, by which the complex Kerr coefficient n2 was extracted. 
The extracted n2 at the incident angle θ  = 40° is shown in 
Figure 4b. The n2 is (8.9−1.6i) × 10−13 m2 W−1, which is several 
orders of magnitude higher than that of traditional nonlinear 
materials,[20] and is the direct evidence of ISBTs, as has been 
demonstrated in gold MQWs.[16] The ISBT selection rule, if not 
broken, gives the n2 a sin(θ) dependence; for example, the n2 
at θ  = 10° is expected to be 27% of that at θ  = 40°. However, 
from the measured wavelength dependence of n2 at θ  = 10° 
(Figure 4c), we observe that it is about 50% of the amplitude of 
that at θ = 40°, indicating a significant break of the ISBT selec-
tion rule.

The incident angle dependence of the 3rd order susceptibility 
eff
(3)χ , obtained from n2 at the wavelength of 930 nm, is shown in 

Figure  4d, and a big deviation from a sin(θ) dependence was 
observed. As mentioned above, there is an E∥↔Ez conversion 
due to ultrafast electron–electron scattering in MQWs, which 
is responsible for the ISBT selection-rule relaxation: the longer 
the timescale that a nonlinear process takes, the larger is the 
degree of selection-rule violation. The optical Kerr process lasts 
as long as the plasmon dissipates, which takes about one order 
of magnitude longer than the optical cycle.[22] Therefore, the 
ISBT selection rule is severely broken for the Kerr nonlinearity, 
as expected in Figure  3. The pulse width used in the z-scan 
measurements (100 fs) is much longer than the plasmon life-
time,[22] so that it plays only a minor role in the selection-rule 
break; for example, a very similar angle dependence of eff

(3)χ  
was observed when 125 fs pulses were used (Figure S2 and 
Section S3, Supporting Information).
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Figure 3. Ultrafast electron dynamics in MQWs. a) Diagram of ISBT 
induced by coupling between intrasubband plasmons in MQWs. Free 
electrons in the MQWs undergo a direct intrasubband transition, that 
is, intrasubband plasmon, under the excitation of a laser pulse with only 
E∥. ISBTs (red dashed lines) could arise as the result of the conversion of 
Ez from the incident E∥ caused by ultrafast electron–electron scattering. 
b) Time scales of various optical nonlinear processes in MQWs. Coherent 
SHG typically occurs within a few 100 as, while optical Kerr nonlinearity 
may come from non-instantaneous effects up to a few 10 fs, which is 
related to the plasmon lifetime.
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2.5. Coupled Mode Theory

In our intuitive understanding of this selection-rule break, the 
coupling between the intrasubband-transition modes and the 
continuum of degrees of freedoms of the surrounding many-
body environment is an essential element to describe the E∥↔Ez 
conversion. Therefore, the coupled mode theory (CMT)[23] was 
applied (Figure 5a). The equations for the time-varying ampli-
tudes of two intrasubband transition modes (nonzero a∥,i and 
a∥,j) and the resultant ISBT mode (az,ij) can be written as follows

a

t
i a iK a i a K si

i i i ij j iz z ij i


     

d

d
( ) | cos( ),

, , , , , c, , ,
*ω η θ( )= − Γ + + + 〈 +

 (1a)

a

t
i a iK a i a K sj

j j j ij i c jz z ij j


     

d

d
( ) | cos( ),

, , , , , , , ,
*ω η θ( )= − Γ + + + 〈 +

 (1b)

a

t
i a i a i a K sz ij

z ij z ij z ij c iz i c jz j z 

d

d
( ) | sin( ),

, , , , , , ,
*ω η η θ( )= − Γ + + + 〈 +  (1c)

s s a D a D a Di i j j z ij z� � � � �| | | | |, , , , ,〉 = 〉 + 〉 + 〉 + 〉− +  (1d)

where s s s,1 2( )=± ± ±  represents the amplitudes of the input/
output scattering channels, such that |s|2 and |a|2 are, respec-
tively, the energy flux per unit time going through the system 
and the total energy stored in the plasmon mode. |K〉 and |D〉 
are coupling coefficients between the scattering channels and 
the plasmons, while the direct scattering amplitude is given by 
the scattering matrix ; energy conservation and time-reversal 
symmetry[23] require these coefficients to be related by |K〉 = |D〉 
and  |D〉* = – |D〉. The two intrasubband plasmons with fre-
quencies ω∥,i and ω∥,j directly exchange energy because of the 
overlap of their wavefunctions described by the coupling con-
stant κ∥,ij

[24]; they also decay to the same continuum with the 
decay rates Γ∥,i and Γ∥,j and thus couple to each other in the 
continuum, not only within the growth plane but also along  
the z direction, which gives rise to an ISBT at rates ηc,iz and ηc,jz. 
This through-continuum coupling-induced ISBT  quantifies the 
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Figure 4. Selection rule for optical Kerr nonlinearity in MQWs. a) Diagram of z-scan experiments. Pumping pulses (100 fs pulse width, 80 MHz rep-
etition rate, 90 µm beam radius) are focused using a lens (lens-1) onto an MQW sample with incident angle θ, while the sample is moved along the 
optical axis near the focus of the lens. Insets i and ii show, respectively, the measured open and closed aperture z-scan curves with the wavelength of 
930 nm at θ = 40°. The imaginary part of n2 is obtained from the open aperture curve, while the closed aperture curve is used to determine its real part. 
Wavelength dependence of the extracted n2 at b) θ = 40° and c) θ = 10°. d) Incident angle dependence of eff

(3)χ  at the wavelength of 930 nm.
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E∥↔Ez conversion process responsible for the ISBT selection-
rule break in MQWs.

The procedure of CMT fitting of selection-rule experiments is 
described in Section S4, Supporting Information. For optical Kerr 
nonlinearity, the E∥↔Ez conversion rates ηc,iz and ηc,jz are the 
only unknown parameters and are thus used for the fitting. Since 
the plasmon frequency of the jth subband is below the driving fre-
quency ω0 (wavelength 930 nm), we set ηc,jz = 0. Figure 5b shows 
the CMT fitting of the optical Kerr nonlinearity by means of the 
least square method and ηc,iz = 0.77ω0 was obtained. Along the 
same line of reasoning, the SHG selection-rule experiments were 
also fitted by the CMT model, which determines a time duration 
of 115 as for an SHG process, as expected from Figure 3—that 
is no longer than a few 100 as.[20] Therefore, it is clear how the 
timescale that a nonlinear process takes in MQWs determines 
the degree of the ISBT selection-rule break: for instantaneous 
nonlinearities such as SHG (Figure 2), only the first few 100 as 
is relevant so that the break is very small, while it is severe for 
the non-instantaneous Kerr nonlinearity (Figure  4) taking place 
within the entire plasmon lifetime (a few 10 fs).

3. Conclusion

In conclusion, we have demonstrated giant optical nonlineari-
ties at the visible/NIR frequencies from TiN-based MQWs and 
presented a systematic investigation on the nonlinear selec-
tion rule, which shows that the ISBT selection rule for these 
giant optical nonlinearities in MQWs can be broken, and the 
degree of the break is strongly related to the timescale that the 
nonlinear process takes. The relaxation of this fundamental 
barrier is attributed to the ultrafast electron–electron interac-
tions in these plasmonic systems, and a CMT is provided not 
only to show a clear physical picture of the problem, but also to 
quantify relative parameters for further applications. The ISBT 
induced by the electron–electron interactions between intrasub-
band plasmons opens the possibility of new coherent manipu-
lation of optical nonlinearities by adjusting the electron density. 
Finally, the giant optical nonlinearities without a strict selection 

rule in MQWs made of refractory materials can be used for 
designing high-performance ISBT-based devices covering the 
visible to infrared spectra, providing new degrees of freedom 
for the optimal design of an optical nonlinear system.
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Figure 5. CMT model of ISBT selection-rule break in MQWs. a) Proposed mechanism of ISBT induced by coupling between intrasubband transitions 
through an energy continuum. The vertical dashed lines indicate the reference planes for input/output waves, while the top grey rectangle represents 
the continuum to which the intrasubband plasmons decay and are coupled, such that a selection-rule—forbidden ISBT is enabled. b) CMT fitting of 
optical Kerr selection-rule experiments. The standard deviation of the experimental data is indicated by the error bars. The solid red curve presents the 
CMT fitting of the experimental results, while the corresponding ISBT selection-rule prediction is given by the dashed red line.
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